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Abstract.

The solution of a problem recently treated by Goldberg and Schmerling is writ-

ten in a simple closed form. The problem concerns a possible explanation of the geomagnetic
anomaly in terms of diffusion along the magnetic lines of force for a special model of the
F: layer at the magnetic equator. At great height the results obtained are roughly in agreement
with observations made by the Alouette (S-27) satellite on October 3, 1962. The theoretical
electron density at fixed height is given as a function of magnetic latitude for a wide range of
expected conditions at various phases of the solar cycle. Curves showing the latitude variations
of [d(log N)/dr1™ at great height are also given. The results are discussed.

Introduction. Recently Kendall [1962, 1963}
and Rishbeth et al. [1963] have computed electron
densities in the F. region for specific models.
The three chief assumptions used were: (1) the
ionization moves only along the magnetic lines
of force of the geomagnetic dipole; (2) produec-
tion and loss are specified, the production being
according to the well-known Chapman [1931] law,
and the loss coefficient varying exponentially
with height [Rafcliffe et al., 1956}; and (3) there
is no electrodynamic drift across the magnetic
lines of force.

With these assumptions, and general boundary
conditions, an insignificant trough of electron

density is found as the magnetic dipole equator
is approached.

On the other hand, Goldberg and Schmerling
[1963], working with essentially the same differ-
ential equation, have considered electron density
distributions with a given height profile at the
dipole equator as a boundary condition. They
have reached the conclusion that an appreciable
equatorial trough can be maintained in the
electron density N at fixed height. This paper
will subsequently be referred to as GS.

Further work has now resulted in the closed
form analytic solution of the problem treated
in GS. This has brought out a number of new

TABLE 1. Numerical Parameters Used in the Computation of Figures 1 through 7
"m0, Nm -107¢ HZ; ky
km electron/em?® km km™! kH,
Fig. 1 6850 19.25 75 0.01 0.75
Fig. 2 6850 19.25 100 0.01 1.00 High sunspot number
Fig. 3 6850 19.25 112.5 0.01 1.125
Fig. 4 6800 10.00 75 0.0133 1.00 .
Fig. 5 6800 10 00 85 0.0133 1 13} Intermediate sunspot number
Fig. 6 6750 6.00 50 0.02 1.00
Fig.7 6750 6.00 57 0.02 1 14} Low sunspot number

1 On leave from the Ionosphere Research Laboratory, Pennsylvania State University, University Park.
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maximum values on either side of the dipole
equator.

General discussion. In GS a power series was
developed which relates the electron density,
N = N(r, @), at arbitrary dipole latitude a to
the electron density over the dipole equator
(e = 0). The vertical electron density distribu-
tion N(r, 0) at the equator, considered as a
function of the radial distance r from the earth’s

l center, was taken as the boundary condition.
This approach avoids the choice of any particular
1a}- variation of electron production rate as a func-
& tion of altitude and leaves open the question of
;5,':: 1 the mechanism that might maintain such a
2.4t distribution. It was further assumed that the
z 840 diffusive motion of electrons follows the lines of
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Fig. 1. Computed curves of electron density versus
dip angle for high sunspot number (see Table 1).
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points and corrected others. The solution exhibits 620
many features which are found in the data v
obtained by the Alouette (S-27) satellite topside 14
sounder. Reasonable agreement is obtained with L T~  *
these observations (taken above the F, peak)
from the magnetic equator up to midlatitudes. ok T T———
Other physical effects then appear to take over - e
which have not been included in the theory. °r

The results obtained in GS are corrected in 800
the sense that the equatorial trough in the peak —
electron density N, is now found to extend as 4r 900
far as the poles. It can be shown that diffusive
equilibrium alone cannot reproduce the entire 40 20 20 1o 0 i0 20 30 %0
geomagnetic anomaly correctly. That is, no Magnetic Dip Anole
distribution in diffusive equilibrium has & mini-  pjg, 2. Computed curves of electron density versus
mum value of Ny, at the dipole equator with dip angle for high sunspot number (see Table 1).
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Fig. 3. Computed curves of electron density versus dip angle for high sunspot number (see
Table 1).

magnetic force and that the distribution is in
equilibrium (3N/dt = 0). In the initial develop-
ment of the equations, neither diffusive equilib-
rium nor photoequilibrium was assumed. The
series solution obtained in GS is, thus, quite
general, although calculations were made only

for the case in which a term C; containing the
difference between production and loss could be
neglected in comparison with the other terms.
This approximation improves with increasing
altitude above the F, electron peak, since C,
decreases exponentially with height, and does
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Iig. 4. Computed curves of electron density versus dip angle for intermediate sunspot num-
ber (see Table 1).

not imply photoequilibrium. The results ob-
tained in GS can be derived by setting D(N) = 0,
where D is the diffusion operator defined, for
example, by Kendall [1962]. This is believed to
hold to a high degree of approximation at great
heights in the F, region, not because the diffusive

velocity actually vanishes there, but because any
significant departure from the equation D(N) = 0
immediately gives rise to a large diffusive flux of
electrons which restores the situation. (The
coefficient of diffusion increases exponentially
with height and is large at great height.) This
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Fig. 5. Computed curves of electron density versus dip angle for intermediate sunspot num-
ber (see Table 1).

situation, known as diffusive equilibrium, is
thought to prevail above the F, electron peak.

At low altitudes, well below the F. electron
peak, production and loss are nearly equal,
making V-Nv again small. Here, however,
D(N) 5% 0 because the coefficient of diffusion has
become small. This situation is known as photo-
equilibrium. The lowest altitude at which the
condition D(N) = 0 produces valid results is
not easily derived. The peak electron density is
probably produced as a balance between pro-
duction, diffusion, and loss. If this is so, the

condition DN) = 0 would apply well above
the peak.

The solution of D(N) = 0 in closed form. The
equation for a dipole line of force can be written

r = ry COS @ (1)

where r is the radial distance from the center of
the earth and « is the magnetic latitude.

Assuming diffusion equilibrium along a line of
force, the electron density along any particular
field line can be written, after Goldberg and
Schmerling [1962),
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Fig. 6. Computed curves of electron density versus dip angle for low sunspot number (see
Table 1).

N(r,o) = N(ry, 0) exp (ro—;-l;}—zg) (2)

where H, is the scale height of the ionizable
constituent. Substituting from (1) gives

- 2 M)
N@r, o) = N(rsec®a, 0) exp ( oI, (3)

The special equatorial model used in GS is
given by

N, 0) = N(rmo, 0)

cexp z[1 — k(r — rpo) — ¥ (4)
This is an equatorial Chapman distribution with

a maximum at 7, and ‘scale height’ k-1 The
height of the maximum at other latitudes is
denoted by r,,. Using (3) and (4) gives

N(r,a) = N(rmo, 0) exp é[l + kroo
tan® a)
g /)
— ek"no—kr sec? a] (5>

Typical values of k and r are & = 0.01 km,
r = 6850 km. Thus

- (Ic sec’a —
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Fig. 7. Computed curves of electron density versus dip angle for low sunspot number (see
Table 1).
> 1 (6) ( 3 12 )
-z — 13)F
It is also convenient to use the notation + KH,"  kH, T
F = exp [—k(r — ro)] + ( 1 1)"’] (1)
Using the inequality (6) to neglect small quanti- kH,

ties consistently, we find that the power series
expansion of (5) in powers of a? becomes

N(r, &) = fo(r) + o’fs(r)

+ a'fu(n) + *for) + - - (M
where
fo(r) = N(r, 0) ®
1) = gfol:F + k_Pllz - l] (9

6 = Yol 7+ ol - )
+ (k;lz - 1>2]

fo(r) = %(g)afo[i" + 3(k 111, - 3)1@‘2

(10)

Since these coefficients are the same as those
given in GS (equations 38, 43, 52, and 53), the
solution is substantially the same as the one
obtained there and can be shown to be the solu-
tion for zero diffusion velocity.

Features of the solution. The variation with
latitude a of N at fixed height is clearly deter-
mined by the function

G = exp — -;-[(k - —I};)r sec’ o
+ ek(ruo—r sec? a)} (12)

This is a function of only the line of force
parameter ry, = r sec? @. The maximum value of
N with respect to a occurs on the line of force
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To = Fmo — k * log (1 — L) (13)

kH,
provided that

kH; > 1 (14)

If kH, < 1, there is no maximum value of N
with respect to @ and the ‘trough’ extends to
the poles.

The height of N, for constant « is r,,, where

_ in®
P = [rm(, — k' log (1 — STH—:)‘)] cos® o
(13)
Note that N, is at infinite height for latitudes
such that sin? @ > kH,. The value of N, is

given by
)1/2[1—(5in’ a/kHs))

.
Sl «
Noax = N(oo, 0)(1 — “"—kH—z‘

(r,,, sin’® a)
P \"2m,
Comparing (16) with the function (1 — z)1/2¢-=)
exp + Az, which has a turning point at z = 1 —
exp (A — 1), it is found that, since A = 68.5,
Nuax has no real turning points. It follows that
Nmae has no maximum with respect to . The
value of Np.. increases monotonically toward
the poles, and the trough in Ny, extends to the
poles. The physical explanation of this is that
the ionization along a particular line of force
increases away from the equator according to
the diffusive equilibrium law exp (—z/2H,).
Nouax therefore lies on or near the line of force
7o = I, and increases away from the equator.

The results obtained can be summarized as
follows. If kH, > 1 there is an angular maximum
of N at fixed height (i.e., an equatorial trough
in N). If kH, < 1 there is no angular maximum
of N at fixed height (i.e. the trough in N extends
as far as the poles). In the latter case, Ny, is at
infinity for latitudes such that sin? o > kH,.
In all cases the trough in N, extends to the
poles.

General discussion of results. The solution
represented by (5) thus predicts an equatorial
trough of electron density at fixed height but
does not reproduce a maximum of N with
respect to latitude unless kH, > 1. This is
illustrated by Figures 1-7, which have been
computed for values of r,q, k, and N,, roughly
representative of high, intermediate, and low
sunspot number (see Table 1), taking 6370 km

(16)
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as the mean radius of the earth. It is clear that
kH, is the most important parameter in the
problem. On general grounds, this is expected to
be close to unity, but the theory has neglected
a number of factors, such as variations of the
scale heights with altitude, which are known to
occur owing to the change of ionic composition.
It follows that small departures from the condi-
tion kH, = 1 are not unreasonable for a simplified
theory.

Since electron production, loss, and diffusion
are thought to become comparable near the F,
electron peak, the assumptions made in the
theory are not well maintained for N.. over
large ranges of the variable a.

Figure 4 of GS incorrectly shows a flattening
of the variation of A, with increasing . Com-
puted values of h,, and N, are shown in Figure 8
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Fig. 8. Top: Variation of the height of peak
electron density, hmF:, with dip angle. Bottom:
Variation of the peak electron density, NmF2, with
dip angle.
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Fig. 9. Comparison of theoretical curves with Alouette observations.

for values of the parameters corresponding to
Figure 3.

The curves for other cases are substantially
similar. The series expansion approach indicates
that the solution represents a continuation for-
mula, whose terms, beyond the first, must be
developed with increasing accuracy for larger a
to maintain a constant accuracy in N. The
approximations in the theory result in errors
which increase with «, so that increasing dis-
crepancies with the observations are to be
expected for increasing a.

Comparison with observed data above the F.
electron peak. We are indebted to Dr. J. W.
King, of the Radio Research Station, Slough,
England, for data supplied from the Alouette

(8-27) satellite taken on October 3, 1962, at
approximately 1020 LMT over Singapore. These,
together with curves computed from equation 5,
are shown in Figure 9. The major features of the
observations are quite well reproduced with
kH, = 1.04 == 0.02, even though the equatorial
distribution was not very well represented by a
Chapman profile. In particular, the maximum
values of N with respect to latitude are seen to
fall on a magnetic field line, as predicted by
equation 13.

The vertical slope at high altitude. The vertical
slope d(log N)/dr is frequently used as a measure
of inverse scale height, from which deductions
are made about the temperature and mean
molecular mass. It is, consequently, pertinent to
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Fig. 10. Variation of [d(log N)/dr]-* (the measure of scale height) with dip angle.

inquire how this is expected to change with «
on the present theory.
At high altitudes, (5) gives

d(log N)/or

(17)

—1m

where

m = k[l + (1 — k}112> tan® a] (18)

Thus, m = k at « = 0, and the variation of m
with « is given by (18). This is illustrated in
Figure 10, where curves 4, B, and C correspond
to the parameters of Figures 1 to 3, respectively,
and curve D corresponds to the fit obtained with
the satellite data in Figure 8, with kH. 1.04.

It is seen that only a very small variation is
expected at moderate latitudes.

Conclusion. Figures 1 through 7 illustrate
broadly one of the more interesting features of
the results obtained. An angular maximum
appears in the electron density N at fixed height
only if kH, > 1. If the topside of the F, layer
were in a state of diffusive equilibrium, and if a
Chapman function were a good approximation
to the equatorial height profile, this would yield
an immediate criterion for the formation of an

angular maximum in N and enable the value of
kH, to be determined by a curve-matching
procedure. Comparison of theoretical curves with
experimental data from the Alouette satellite is
favorable (Figure 9). Allowing for the crudeness
of the present theory, the similarity between
the theoretical and experimental curves is strong.

At present the theory does not yield an angular
maximum in N,... In view of the present work,
and the calculations of Kendall [1963] and of
Rishbeth et al. [1963],2 it is clear that to produce
an angular maximum in N_,, requires the
inclusion of effects neglected here, which might
be the incorporation of production and loss or
the transport of electrons by electrodynamic
means. These more complicated calculations do
not, however, preclude the discovery of a
simplified model which might take account of a
complicated process in a simple way.

The conclusions of the present paper must be
regarded as replacing those in GS. It is now

2Tn a note added in proof, Rishbeth et al. men-
tioned the differences between their work and the
work of Goldberg and Schmerling discussed here
(GS). Unfortunately that note, as printed, was
misleading.
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believed that the work applies, strictly, only to
the upper parts of the F, layer above the peak.
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